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Abstract 



^ ' We study N = 2 supersymmetric U{1) gauge theory in the noncommutative 

' harmonic superspace with nonanticommutative fermionic coordinates. We examine 

the gauge transformation which preserves the Wess-Zumino gauge by harmonic 
expansions of component fields. The gauge transformation is shown to depend 
on the deformation parameters and the anti-holomorphic scalar field. We compute 
the action explicitly up to the third order in component fields and discuss the field 
redefinitions so that the component fields transform canonically. 



1 Introduction 



Field theories on noncommutative superspacePP have been taken much attentions re- 
cently. In superstring theory, they correspond to the field theories on the D-branes in the 
graviphoton backgroundp|. The Ramond-Ramond fields induces the non(anti)commutativity 
for the worldsheet fermionic fields in the hybrid formalism of superstrings |21 El E] • When 
we consider the superstring theory compactified on a Calabi-Yau threefold, the field theory 
on the D-branes is described by A/" = 1 super Yang-Mills theory on the noncommutative 
superspace. This theory has been also constructed in terms of chiral superfieldsj^], which 
has been shown to have A/" = | super symmetry. 

From the field theoretical viewpoint, noncommutative superspace provides various in- 
teresting problems. Compare to the field theories on noncommutative spacetime, only 
a finite number of the deformation terms are necessary in the case of A/" = 1 noncom- 
mutative superspace. This property makes the deformed Lagrangian simple, so that the 
perturbative[6] and nonperturbative structurejTj of field theories can be studied exphcitly. 

It is an interesting problem to study the supersymmetric gauge theory on the non- 
commutative extended superspace [HI Ell^. In a previous paper we investigated the 
M = 2 super Yang-Mills theory on the M = 1 noncommutative superspace by adding ad- 
joint chiral superfields to A/" = 1 super Yang-Mills theory. Since the deformation of A/" = 1 
superspace breaks the 7^-symmetry explicitly, the theory has only A/" = | super symmetry. 
Noncommutative M = 2 superspace provides another approach to study the deforma- 
tion of A/" = 2 supersymmetric gauge theories. M = 2 rigid superspace is convenient 
to construct the on-shell Lagrangian of A/" = 2 supersymmetric Yang- Mills theory ^2] • 
The Lagrangian is defined by chiral superfields, which obeys certain constrains. These 
constraints connects the chiral part and anti-chiral parts. One may consider the noncom- 
mutative deformation of rigid superspace. It turns out that the constraint equations are 
highly nontrivial to solve. 

Harmonic superspace is known to provide a good off-shell formulation of quantum 
field theory with extended supersymmetry. This superspace is obtained by adding the 
harmonic coordinates of S"^ to the rigid Af = 2 superspace. In this formalism, analytic 
superfields play an important role instead of A/" = 2 chiral superfields. These superfields 
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are unconstrained but includes infinitely many fields in their components arising from the 
harmonic expansions. 

In refs. |10|l9]. the noncommutative harmonic superspace has been considered. Ferrara 
and Sokatchev [T^ studied N = 2 U{1) gauge theories based on the singlet deformation 
whose Poisson structure includes only the supercovariant derivatives (singlet D deforma- 
tion). This Poisson structure preserves M = 2 supersymmetry and analyticity but does 
not preserve chiral structure of the theory. The Lagrangian depends on certain function 
of anti-holomorphic scalar field. Ivanov et al. have studied the deformation of A/" = 2 
harmonic superspace pj, whose Poisson structure is characterized by the bi-differential op- 
erator with supercharges called the Q deformation in jTU] . The analytic superfields are also 
well-defined in this deformation. But the only the chiral part of A/" = 2 supersymmetry 
are realized. 

In this paper, we study the Q deformation of A/" = 2 harmonic superspace and M = 2 
super symmetric U{1) gauge theory in this noncommutative superspace. We will consider 
the most general deformation in the harmonic superspace. We examine the gauge trans- 
formation of the theory in detail in terms of component fields. The action of A/" = 2 
U{1) gauge theory, as observed in the case of the singlet D deformation ^U], is shown 
to contain arbitrary power of anti-holomorphic scalar fields. This means also the action 
contains infinite number of deformation parameters. In this paper, we will examine the 
action up to the third order contributions in component fields. 

This paper is organized as follows: In section 2, we review M = 2 harmonic super- 
space and study its deformation and the Poisson structure. In section 3, we discuss the 
Lagrangian of the M = 2 supersymmetric U{1) gauge theory on the M = 2 harmonic 
superspace. We will calculate the Lagrangian up to the third order in component fields 
explicitly. In section 4, we will study the gauge transformation in the deformed harmonic 
superspace and discuss the field redefinitions. In the appendix A, we summarize the Pois- 
son structure in the analytic basis. In the appendix B, we will calculate the action of the 
third order in component fields explicitly. 
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2 Noncommutative Harmonic Superspace 



In this section, we introduce noncommutative harmonic superspace and study the Poisson 
structure. We begin with reviewing the M = 2 harmonic superspace which has been ex- 
plained in detail in [l3j. Let (x^, 6*^ , 0°"^) be the coordinates of the Af = 2 rigid superspace, 
where /z = 0,1,2, 3 are indices of spacetime coordinates, a, a = 1,2 spinor indices and 
i = 1,2 labels the SU{2) doublet. The signature of spacetime is Euclidean. Concerning 
spinor indices, we will follow the notation in ref. Namely spinors with upper and 

lower indices are related through the e-tensor with = —£12 = 1- On the other hand, 
raising and lowering SU{2) indices are done with the help of antisymmetric tensor eij with 
= -ei2 = -1,6' = e'Wj and Oi = e^jO^ . 

The supersymmetry generators Q^, Qai and the supercovariant derivatives D^, Dai 
are defined by 



They satisfy the anticommutation relations 

{D'a,Di} = {D^.,D^^ = 0, {DlD,^ = -2t6Ua^' ^ 



d 



{Qa,Q'3} = {Qa^,Qa^=0, {Q^, Q ,^ = 2z6Ua 



{D'a.Q'p} = {DlQ^^} = {Da^,Q'p} = {D^^,Qp^} = 0. (2) 
We introduce the left-handed chiral basis {x1,0^ ,6^') in superspace, where 

= + iOia^'e'. (3) 

In this basis, supercharges and supercovariant derivatives take the form 

B - B B 

O' = — O = — + 2ie''a^- 



Be?' BO''' ' "''Bx'l 



L 

B - ■ ■ (9 - B 

BBf^ '^'^ Bxl BO'^'- 

In the M = 2 rigid superspace, we introduce nonanticommutative deformation: 

{et.o% = ctf, (5) 



Here the anticommutation relation is calculated by using the ^-product, which is defined 
by 

/ * gie) = m exp j-^^I^S' 9(0) (6) 

for functions / and g of 9. We assume that and 9ai (anti-) commute with other coor- 
dinates 

= = 0, (7) 

which is a generalization of A/" = 1 noncommutative superspacej21 H]. is symmetric 
under the exchange of pairs of indices C^f = Cf°'. We decompose the nonan- 



ticommutative parameter C° into symmetric and antisymmetric parts with respect to 
SU (2) indices, such as 

Cti' = + \e,,e-'C,- (8) 

Here Cg corresponds to the singlet deformation parameter |lUj. C^j^ is symmetric with 
respect to i and j, and also a and /?. Since are commuting variables, spacetime 
coordinates x'^ have nontrivial (anti-)commutations: 



[x'.etl = ^Ctf{a^),,9^^ (9) 



where 



ct::i) = CiS)(^nc?e,, (10) 



and a^'^ = Ka^a'^ - a'^a^), a^'' = ^(a^a'^ - a''a^'). 

We next discuss M = 2 harmonic superspace. It is formulated by introducing harmonic 
variables uf which form a 2 x 2 SU (2) matrix. The harmonic variables satisfy the condition 

u+X" = l. vF^ = ui. (11) 

The coordinates of the harmonic superspace are (x^, 9f,9^i,ut). Using wf, SU{2) indices 
can be projected into two parts which have ±1 U{1) charges, 

D^ = utDl^, D^ = utDl (12) 
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is solved by such as Dai — '^t^a ~ '^T^t the help of the completeness 
condition ufuj — u^uj — eij. In the harmonic superspace, an important notion is an 
analytic superfield rather than chiral superfield satisfying -D^$ = 0. An analytic superfield 

$(a;, 9, 9, u) is defined by 

D+$ = D+$ = 0, (13) 
which can be conveniently written in terms of analytic coordinates: 

xi^ = -i{9'a''9^ + 9^a''9')uiuJ ^x^" -i{9+a''9- + 9-a''9+), (14) 
da = uf9l 9^^uf9l (15) 

The supercharges and supercovariant derivatives take the form 

0+ - — 27rT^ ^+"^- Q- - — 

- ^ + 279+°'a^ 0~ ^ 



89-^ "'^dx^A 89+^ 

d „ d , ... ^ ^. d 



—a 



Their nontrivial anticommutation relations are 



{D:,Dr} = -2<a^, L>-} = 2<^^. (17) 

An analytic superfield $ is functions of (x^, u), 

^ = ^x'^,9+,9+,u). (18) 

Expanding in ^, $ takes the form 

$ = (P{xA,u)+9+iP{xA,u)+9+x{xA,u) + {9+YM{xA,u) + {9+fN{xA,u) 

+9+a>'9+A^{xA,u) + {9+y9+X{xA:u) + {9+)Wr{xa:u) + {9+)\9+fD{xA,u). 

(19) 
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and each ^-components are expanded in the harmonic variables, e.g., 

oo 

4>{xaM = E ■ --ul^u]^ ■ ■ -uj^^ (20) 

n=0 

for the field with U{1) charge q > 0. Similar formula holds for g < . Here we define 
^(n---i„) as the symmetrized sum over the permutation of indices ii, ■■■«„: 

^{il--in) = E (21) 

and Sn denotes the permutation group of degree n. We define the harmonic derivatives 
and D° by 

They form an SU (2) algebra. In the analytic basis, they are expressed as 
^±± _ a++-2«^±a'^^±-^ + ^±"-^ + r"- ^ 



= s» + »«^-r"^ + .-^-r"^. (23) 

where and denote the harmonic derivatives with fixed xa-, and 9"^. 

When we introduce the deformation (0) into the harmonic superspace, we note that 
the derivative in the *-product © is taken with the fixed chiral coordinates xl. Therefore 
it is convenient to write the ^-product of the form 

f*g{d) = f{d)eMP)9{0), P = -^QicfQl. (24) 

In the chiral basis, this formula leads to (jHl) due to (^. We call P the Poisson structure. 
In the analytic basis, one can compute the *-product by using = u'^''Q^ — m^^Q^. For 
example we have 

[x%et,l = -2iC-^P^{a^e^), (25) 

where C^'^'^'^ = u'^'^u^'^C'^^ . For superfields A and B, the ^-product takes the form 

A*B = AB + APB + -AP^B + -AP^B + —AP^B, P^ = 0. (26) 

2 6 24 ' ^ ' 



We note that the Poisson structure P commutes with the supercovariant derivatives. 
Therefore the analytic structure is preserved when we introduce noncommutativity in 
harmonic superspace. Concerning supersymmetry, only are conserved. Field theory 
on this noncommutative superspace has chiral TV = 1 (or M = (1, 0) in the sense of 0) 
sup er sy mmet ry. 

We now investigate the *-product for analytic superfields in detail for later use. There 
are two ways of calculating this ^-product. One way is to use the formula ()24|) directly for 
analytic superfields. This approach is helpful to keep the Grassmann analytic structure 
of the theory manifestly. Since and D'^ commute with the Poisson structure P, the 
product A * B is also analytic if A and B are analytic. Another way is to expand the 
analytic superfields in terms of chiral basis and to apply the formula (jHI). The latter 
approach is relatively easier to perform and be useful for the calculation of the action, 
which will be explained in detail in the next section. 

Firstly we study the *-product in the analytic basis. Using P in (j23)? expP becomes 

/0"2 y^aa i^ailBi ^^2/32 /^aslS^ ^js r^j-z ^ji 

^gVii Via ^is ^hji ^i2j2 '^i'ijz ^ PzS 02^ Pi 

I ^ai^a2^a3/^Q4r^Q;i/3ir^a2/32/^«3/33/^Q4/34/-ii4 ^ia f^h p,ii (07\ 

"^3g4Vn Via Via Vj4 ^1232 ^hh ^uji ^ (34^ fSz^ fSi^ Pi ■ \^') 

By computing the action of supercharges on the analytic superfield, one can compute the 
^-product. For the analytic superfield $ in (jl9p . we obtain 

-u%Q^)\Q^fal^d,-K^. (28) 

Since Q^J^ is also of the form (fT^. we can apply the above formula to compute QqjQq^^ 
etc., which is given in the appendix A. The *-product A* B can be expressed as 

A^B = AB-{-\r\\Q\ACt^Q%B-\{QXq^^^^^ 
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384 * ^2 ^^■''^ *2i2 ^isja ^iiji \^ 04^ f33^ 02^ Pi' 

where |y4| = 0(1) if A is Grassmann even (odd). 

We next compute the *-product in the chiral basis. The analytic coordinates is 
related to the chiral coordinates by 

= - 2ie-(x^'d+. (30) 

A function /(x^) of xa is expanded in the chiral basis 

fixA) = fixL) - 2t9-a^e+d,f{xL) + i9-)\9+fd>^dJixL). (31) 

Using this formula, we can express an analytic superfield $ in ()19|1 in the chiral basis: 

$ = (j){xL) +e+^{xL) +0^x{xl) 

+{e+fM{xL) + {e^fN{xL) + e+a^e+A^{xL) - 2ie-a^'e^d^(p{xL) 
-2t{e-a^e+)e+d^^{xL) + lie+fe-a^'d^xixL) + {e+fe+\ + {e+fe+K{xL) 

HO'fiO^fd^'d.ct^ixL) - 2i{e^)\e-cy^e^)d,M{xL) - i{e^fe+a^a-e'd,A^{xL) 

+{e+f{e+fD{xL) + {e-f{e+fe+d>^d,ij{xL) + i{e+f{e+fe-a^d,-K{xr.) 
+{e^f{d-f{d+fd^d^M{xL). (32) 

In the chiral basis, ^P" for = 1, 2, 3, 4 in (j26j) become 



< / 7^ >■ 7^ > 



dOiOi \ ''deiOi 86262 2^ d6id6^ 



< — / 7^ — > 



-4- > 



d d 1 d 1 d 

+ 7^7^ -0(^21 sC^.y-^ + -{C,2 eC2~^--- 



d6fd6^\ 2'^''^^''' d6i6i ' 2'^'^ ^^^^^ 8626 



2^2 



(34) 



3! 



(detCn Cat + (^21 ^Cn eC, 



+ (det Cu C^f + {C22 eC2i eC, 



d d d d 

> — - — > 



3 3 3 3 
3010136^39^36^2 



-r > 



4! 



+ (det C22 Cif + (C12 £^22 £C^2l)"'^ 

detCii detC22 + {detCuf 

— (eCii £:Ci2 ^6*22 £C*2l)a 



9 ^"9 9^ 

36262 36f 36^ 36262 



3 3 3 3 



Here {eC)^,^ = £„^C^^ and 
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al3 



3616^36262 3626236161 

3 3 



36 A 4 36f36^,' 
for i = 1,2. Using the Poisson bracket in the chiral basis, we obtain for example, 

-e {U2U^)6 + 6^) 62 + 

6+''6^'^6+W~^ 



or * (^^2^)'^^2"^ 



"12 



2 7 ' 



1 



+Cf2+^^^i+"^2"^ - C{f^^6i''6p 



(35) 



(36) 
(37) 



(38) 



etc. 



3 Af = 2 Supersymmetric U{1) Gauge Theory 

In this section, we study the Af = 2 supersymmetric U{1) gauge theory on the noncom- 
mutative harmonic superspace. 

The action oi M = 2 super Yang-Mill theory on the harmonic superspace has been 
constructed in 1121 US]- The gauge superfield V^^{xa, 6^, 6^, u) is introduced by gauging 
the M = 2 matter action. The covariant derivative V^^ = D^^ + iV^^ satisfies 

V++ ^ e'^V^+e-'^ (39) 
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for the analytic superfield A. V^^ and A take values in the Lie algebra of the gauge 
group. The gauge transformation for becomes 

51^++ = -D++A + i[A, (40) 

in the infinitesimal form ^. Using the gauge superfield V~^^ the action of A/" = 2 super 
Yang-Mills theory is given by HE] 

/ ,4 ,8., , try++(Cl,nO---y++(Cn,^n) .... 

where Q = (xA^O^Jt) and d^e = d^O+d^Q- with d^O^ = d'^O^d^^. The harmonic 

integral is defined by the rules: 

(i) 

j duf{u) = (42) 

for f{u) with non-zero U{1) charge. 

' dul = 1. (43) 



(111) 

J duul^ ■ ■ ■ uluj^ ■ ■ ■ uj^) = 0, (ri > 1). (44) 

Since the gauge superfield contain infinite number of (auxiliary) fields, it is not conve- 
nient to discuss the off-shell theory in the component formalism. Fortunately the gauge 
parameters also contain infinite number of fields. We can eliminate unnecessary fields and 
take the Wess-Zumino(WZ) gauge: 

+4:i9+y9+^\xA)ur - A{9+y9+^lj%XA)ur 
+3{9+fi9+YD'^{xA)u;uJ. (45) 

The gauge symmetry with the superfield A{xa) remains, which corresponds to the canon- 
ical gauge transformation for component fields. In the WZ gauge the sum in the action 



^We note that obeys a different gauge transformation from the vector superfield V in JV — 1 

gauge theory in which transforms canonically. 
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ends up to the fourth order. The action in the component formahsm leads to the well- 
known M = 2 action. 

In the present paper, we will consider the simplest case i.e. U{1) gauge group. The 
gauge transformation (pOj) is 

= -D++A (46) 

and the action is quadratic in V^^ 

4 J VHU2) 
In terms of component fields, the action becomes 

S = Jd'x [\d''D,, - lij'a'^d.ij, - d^cpd^^ - ^F.^F^" - ^F'^'F,,^ (48) 

where F^, = d^A, - d,A^, F^'^ = ^^^''^''Fxp. 

We now study the U{1) gauge theory on the noncommutative harmonic superspace 
by replacing the product by the ^-product. One finds that that the quadratic action (j47j) 
is not invariant under the ordinary gauge transformation PU)) due to the deformation pa- 
rameter. In fact, as discussed in [HlCS], the gauge invariance of A/" = 2 matter Lagrangian 
leads to the gauge transformation P6|) 

S*V++ = -D++A + i[A, (49) 

We find that the action which is invariant under the gauge transformation ()49j) is given 

by 2 

s* = lf:f dvedu, . . . rf^ J~^^"^71^VV"7ni''^ - (50) 

where V~^~^{i) = V^^{Q,Ui). The gauge invariance of the action is shown in the same 
way as in ^Hl- In order to prove this, we notice that 



/ 



d^xd^e A*B = J d^xd^e AB (51) 



holds in the chiral-superspace integral, where d^9 = d'^O^d'^O . Then in the Abelian case, 
we are allowed to use the formula 

j d^xd^e A*B*C = J d^xd^e B*C*A. (52) 



^A/" = 2 supersymmetric Yang-Mills theory in J\f ~ 2 harmonic superspace with spacetime nonconi- 
mutativity has been studied in [T7). 
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Together with the cychc property of the denominator {uiU2){u2U^) ■ ■ ■ {Un-iU^){u^Ui) 
in eq.(jnni), the gauge variation of the action can be written as 

K++(2)*---*1/++(n) 
(uiut) ■ ■ ■ [u+uf) 

d^xd^edui[6*V++{X,ui))v-~{X,ui) (53) 



s*s, = -Y. d^xd'^edui...dun{-iT(s*v++{i) 

2 n=2-' 



where 



71=1 

K satisfies the relation 



D+-^V-- - D—V++ + i[V--, = 0. (55) 

Substituting 6*V~^'^ given in eq.(jini) into 6*S^:, integrating by parts, with the use of the 
above relation, we find 

S*S, = i y d^xd^e J du AD— (56) 



As in the non-Abelian case ^o], the analyticity of the gauge parameter A ensures that 
this integral vanishes. 

In the WZ gauge, the action becomes 

s. ^\tj . . . ..j^^ "^^^::^ . (57) 

In the following we examine the action in terms of component fields. In the present work, 
however, we will calculate the action explicitly up to the third order in V^}^. Although 
it is possible to calculate higher order terms, explicit calculation is very complicated due 
to the harmonic integrals, which is left for future works. 

The terms coming from the second order of V^/^ are the same as the commutative 
gauge theory (PH|) due to eq. ljKTjl . The second order action 5**, 2 is given by 

^ ] fd'xd'edmdu /^^'^^i*^^'''^^^ 

d^x --FUF^'"' + m - ii)'a^d,A + <i)d^'dj + ^A.^D'^l • (58) 
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The second order terms do not include the deformation parameter. On the other hand, in 
the Abehan case, all the terms coming from the third order of V^}~^, which we will denote 
S'=K,3, contain the deformation parameter C. They are all the newly emerged terms due to 
the deformation. This is true for the terms coming from the higher order contributions 
in terms of V^z- 

Note, however, that the 0{C'^) and (9(C^)-terms in S^^^ vanish: for Grassmann even 
functions Ai and A2, the equation 

= (-l)"A2P"Ai (59) 

holds, while the harmonic distribution {u\'u^)^^{;u2U^)~^{u^Ui)~^ is completely anti- 
symmetric under the permutations of (ui,U2,M3). 

In addition to this, when we calculate the terms in S^^^ it is useful to notice a relation 
between distinct contributions, which is given below. In the chiral-superspace integral, 
because of eq. , it holds that 

j (fxd^e * A2 * A3 = j d^x(fe {Ai * A2) M = j d^xd^e Ai {A2 * As) (60) 

up to total derivatives, so that 

J d^xd^e (A1PA2) ^3 = y d^xd^e Ai (A2PA3) (61) 

also holds. This shows that these potentially distinct contributions are the same. More- 
over, in the Abelian case, together with eq. (j59|) . we have 

[ 4 o„ duidu2du3 ^ sr^ / A / \ A / \\\ A 

J ^ \utut){utut){utut) &. (^'^(l)(^0i^^.(2)(n.))) A.(3)(-3) 

duidu2du3 



dVe ^ +w + +w + {A,{m)PA2{u2)) Asius), (62) 
(«)(M^n^)(«) 

where 5*3 is the permutation group of degree 3. Thus, among the terms in the left hand 
side we are allowed to choose the most simple combination to calculate. 
The terms coming from the third order of VjJ^ are followings : 



5** 3 = - / d^xd^9duidu2dus 
6 J 



d^x 
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(63) 



Detailed calculations of these terms are explained in Appendix B. 

At first sight there are terms which are not gauge invariant in the sense of the ordi- 
nary gauge transformation. Of course the deformed gauge variation S*V'^~^ of the gauge 
superfield contains the deformation parameter C, so that 5*S^ also depends on C. As 
the gauge invariance of 5"* has been shown in the superfield formalism, the 0{C^) part 
of 5*S^^2, for example, should cancel with the 0{C^) part of 6*8^^3. In the following, we 
would like to see how such a cancellation is actually realized in the component action in 
the WZ gauge. 

4 The deformed gauge transformation 

In this section we study the gauge transformation of A/" = 2 supersymmetric U{1) gauge 
theory on the noncommutative harmonic supcrspacc. 

The deformed gauge transformation of the gauge superfield in the WZ gauge, V^^^j 
with an analytic gauge parameter A(C, u) {( — {xa, 0~^, 0~^)) is given by 



If we choose the gauge parameter A(C,m) = ^{xa) as in the commutative case, the corre- 
sponding gauge variation becomes 



D++X{C,u) + t[X,V+tUC,u). 



(64) 
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+ 3 {e+)\d+f (^C-^''d,\ d^i^ {xa), (65) 

where C^+-)^P = C^f^^u+'u-^ . This transformation obviously does not preserve the WZ 
gauge because each 6'-components in contain extra u-dependent terms. Therefore we 
need to regard the gauge parameter as more general analytic superfield. If we choose an 
analytic gauge parameter of the form 

Xc{Cu;C) = \ixA) + e+a'^9+\^-''\xA,u;C) + ie+Y\^-^\xA,u;C) 

+ {9+y9+^Xi'-'\xA, u- C) + {9^f{9+fX^''\xA. u- C), (66) 

then the corresponding gauge variation is 



^la^wtiCu) = ra^^+(+2^9^A + v^«C,9^A0 + 2v^«C(+-)"^(aX£),;39,A0 

- 5++A(-^) - V2C++-%a,a''eUXi-'^$) (xa) 
+ {9+Y {iCd^X A'^ - 2zC(+-)°^(a^a%)„^9^A A, 

+ C++"^(a'^a%)„^A(-2)A, - 9++A(-^)) (xa) 
+ (e+ye^'^ {-2C,d,X (a^V^-)„ - 4(a^^-),C(+-)^^(a^a^£)^59,A 

- 2tia'^^'UC++^\a^a''6UXi~^^ 

- 9++Ai-3) - 2V2(£C++A(-3)),0) (xa) 
+ {9^Y{9+f (4v^C-^^9^A 9,0 

- z9^A(-2) _ v^^C+-"^(a^a^e)„^9,(A(-2)0) - 9++A(-^)) (a:^), 

(67) 

where {a^(j^e)aii = {(y^(j'^)a^e^ji. Note that other 9 components will never emerge as 
long as we use the gauge parameter Ac of the form given above. Moreover, the degrees of 
freedom contained in X^~'^\ A*^"^-*, A^~^^ and A*^""^-* are not only necessary but also sufficient 
to consistently gauge away all of the terms with extra w-dependence. Therefore, with an 
appropriate tuning of the analytic gauge parameter Ac, this variation can be brought into 
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the form 

+ 3{e^nn'{6l^DHxA)uruj), (68) 

where 6l^A^, 6l^(f), Sl^ipl^ and 5\^D^^ are w-independent quantities, so that each gives 
the proper gauge transformation law for the respective component fields in this deformed 
theory. 

In the following, we will determine 5\^A^, ^Xc^ ^^'-^ ^'^ 

4.1 The deformed gauge transformation of the gauge field 

First of all, we will concentrate on the 6'+^+-component of the gauge variation Sx^V^}~^ to 
determine a properly deformed gauge transformation of the gauge field, 6{^Afj_, and the 
correspondingly deformed component of the gauge parameter, Aj^"^-*. This is because the 
other components depend on A^^^-'. The rest of the components will be determined in 
much the same way. 

Comparing the 6'"'"^+-components of eqs. lfHTj) and (jEHl), we find the equation which 
determines 5ac^/^ ^^T'^^'- 

- 5++A(-2) - V2C++^^{a,a'^eU\[-'^, (69) 

where 8\^A^ is identified with the lowest order term in the harmonic expansion of the 
left hand side (i.e. the U{1) charge 0, isospin part). Note that the gauge parameters 
A^j^^-* admit not only the harmonic expansion but also the C-expansion at the same time, 
while 5\^A^ can be expanded only in terms of C by its definition. Here we first formally 
expand both of them in terms of C, 

oo 

^L^M = E(^:c^m)W' (70) 

oo 

a;.-^^ - ea!.-^\a^)> (71) 

N=l 
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where ((5^^A^)(Ar) and A^~^''(Ar) are C(C^) -quantities. Note also that the C-independent 
part of A^^^) is absent, because in the C ^ hmit this should vanish. Substituting these 
into eq. (j69|l . we find the following equations: 



(5I^A,)(o) = -d,X, (72) 

= --Lc,9,A0, (73) 

d^^>^l''\i) = 2v^zC(+-)"^(a^r£)«^9,A 0, (74) 

d^^>^i''\N) = -y2C++"'3(a^a'^£)„^A(-2)(^_i)0 + 2^((5I^A^)(^) (iV > 2). (75) 



The first two equations are immediately read from the left hand side of eq. ()69p . They are 
giving the lowest and the next lowest order terms in the C-expansion of S^^Af^. The rest 
of two equations are obtained by equating the terms of the same order in C in both sides 

of eq.dnni- 

The latter two equations can be regarded as a recursion relation to determine XI^'^\n) 
and {Sx^Af^)(^N) from A^^^^Af-i) with an initial condition given by X^^'^\iy It is useful to 
treat explicitly the coefficient functions in the harmonic expansion of A|j"^^(iv): 



oo 

\(-2) _ v^q(-2) \(n...i„fci...fc„+2) + , 

n=0 



oo 



n=0 

We first note that, from the general reduction identity of harmonic variables |13j, the 
following reduction formula holds for any term in this harmonic expansion: 



C++"^(A(-2)(^))0„,„,„,„.,.,0 . . . u-^- . . . u-^^^ 



/ n+2 

^al3 /x(-2) \ 

'-'(fcO'^ M {N)){jn + mjn + m-l-jl) 



V 



n+1 m— 1 

2m 



n + m + 2 
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+ 



m-2 



(n + m + l)(n + m) 
Then eqs. fl74|) and (ffSj) can be rewritten as the following equations ^ : 



(77) 



(79) 



^ y 



2mi2m-l---il) 
1 



-c. 



Q/3 



_|_ ^ (jCT(2m) JfT(2m — 



CT(2m-2)i(T(2m-3) ■••io-(l)) 



-(2m-l)io-{2m-2) ■■■io-{l) 



(/72 -j- 2) ln/^OL(3 / \ (—2) \ 

~^ (2m + 2) (2m + 3)^ ^ '-'{fc/)'^^!' (Af-i)Aj<T{2m)ia{2m-i)-j<T{i)™n) 
X {a^a''e)^p{-V2$) (m < AT), 
(^!r^\jv))o2™i2™-i...ii) = (m > A^), 



3^2 

Here we have used the relation 



^'q?)(A^'\^-i))(H)(a,a'^e)„,0 (iV > 2), 



(80) 
(81) 
(82) 



m— 1 



m+1 



(a 



m 



(83) 



5*2™ is the permutation group of degree 2m. 

From a direct calculation up to the second order in C, A^^"^^ is determined as 



a/3 



X (a^a"£)a/39,A 02 Qu+^^M-^-'^u-') - hiK-is-k) \ I /o^^3^ 



e^'n-(*n-^M + C(C3), (84) 



where we have used the identity 



^5) 



■^Strictly speaking, the expression H8()|l is only valid for m > 2, because the first term in the square 
bracket is absent if to = 1. Thus for to = 1, instead of eq-JHOJ, we should use 
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Based on the observation of the result from direct calculation, ()84j). we will assume 
i^lr^\N)){n...j2m) < has the form 

i^i~^\N))in...j2ru) = (const. X C'^N)ih-j2m))] {(^^.^''£)a(3^uX (86) 

where C[N){h---hm) represents a term of the form 

(87) 

with 2{N — m) SU{2) indices contracted by e tensors and the rest of SU{2) indices com- 
pletely symmetrized, which are renamed ji, . . . ,j2m- The summation in ()86|) is taken over 
the appropriate contractions of the SU{2) indices. From eq.()8ip and ()85p. we can easily 
see that {^lr'^\N+i)) {ji...j2„i) also has the same form as the assumption (jHH|) . (ij) 
also takes the same form as (f?^ . Therefore, the assumption (jH^ is true for any A^. 

It is important to know i^^ir'^\N)){ij), because can be determined by them as 

was seen in eq. (l82|l . Based on the general form (jH?)|) and the fact stated below, the full 
form of {^lr'^\N)) (ij) can be written down explicitly, though we will actually give a formula 
for (A|j"^^(Ar))(ij)M^*M"-'. {\^~'^\N-i)){ij) is determined by the recursion relations (jHUj) . (jHTjl 
and (f7S|). Eq.(jSni) tells us that any term in {^lr'^\N-i)){jij2...j2m) ("^ — 2) which has 2m 
uncontracted SU{2) indices will split into three terms in X^f^'^\N)- terms with 2m + 2, 2m 
and 2m — 2 uncontracted SU{2) indices. In this way, any specific term in (A^~^''(Ar_i))(jj) 
(A^ > 2) can be traced back to ('^[r^''(i))fe) S^^^^ (j79j) through a unique track of 
increasing and decreasing of the number of uncontracted SU (2) indices. 

Based on these facts, one of the full form of (A|7^''(Ar))(jj) can be formulated as follows: 
Define a series of numbers {ri2, rj^, . . . , rj^}, where 

r/, = {-l,0,+l} (i = 2,...,iV), (88) 

satisfying 

m„ > 1 for < - 1, niN = 1. (89) 
Here we have defined m„ as follows: 

n 

mi = l, mr, = l + J27]i in>2). (90) 

1=2 
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Each series corresponds to "a unique track" stated above: rjn determines which term of 
three terms in eq. (j8Up is chosen in the given path, from the {n — l)-th step to the next. If 
rin is +1, the first term in eq. ()80|) is chosen. Therefore the number of uncontracted SU (2) 
indices will increase by two compared to the former step. Similarly, r]n = corresponds to 
the choice of the second term thus the number of uncontracted indices will be unchanged. 
rin = —1 corresponds to the third term and the number of indices will decrease by two. 
rrin denotes a half of the number of uncontracted SU (2) indices at the n-th step. The 
latter condition in eq. ()89|l restrict a path to the one which ends up with (A[j~^''(Ar))(ij): the 
number of uncontracted SU (2) indices should be two at the A^-th step. With the use of 
the set of such series, we can write (A|7^^)(ij) = Y.Ni^^ir'^\N)){ij) as 



(91) 



Here we have defined 



= 2y2iC— ^> 

1 1 



N 



N=2 



X 



E 

{'?2v,f)iv} 

<[ n 



{n\rin=+l} 



(2mi)! (2m7v)! 

[ n 

{n\rin=Q} 



E---E 

gJ2n-ljCT„(fc„) 



][ n 



7ne- 



■J2njCT„(i„)pJ27i-lJ<T„(fc„) 



{n\ri„=-l} 



(92) 



where 



an = 

/3n = 
In = 



m„_i + 2' 



1 



m„_i + 1 
m„„i + 1 



2m„_i(2m„_i + 1)' 
an means a permutation of the elements of \ Kn, where 

J= {l,2,...,2iV}\{2z-l,2j-l,2j I \r]i = 0; ^j, r/,- 
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(93) 
(94) 
(95) 

(96) 



/i = 0, In = {il'^i <2n-2,i e l} {2 <n< N + 1), (97) 
KuK2 = ^, 

Kn = [ap{kp) , aq{kq) , aq{lq) V <n,r]p = 0, < n,rig = -l| 

(3<n<A^ + l), (98) 

kn = mm{In\Kn) {n>2), (99) 

In = min(/„ \ Kn \ {kn}) (n > 2). (100) 

As was seen from eq. fj80|) together with the definition of rin, from the {n — l)-th step 
to the ra-th step, (C ■ ■ ■ C)'^^ is muhiphed by C(jj) from the left and they will become 
(C(ij) ■ C ■ ■ ■ C)"^, while the number of uncontracted SU{2) indices are not necessarily in- 
creased by two: indices of may be contracted with uncontracted indices of (C ■ ■ • C)"^ 
according to rin (zero for rjn = +1, one for rjn = and two for rin = —1). Thus which of 
the 2N indices are contracted with an index in the right side is determined uniquely by 
the series {ri2, . . . , r]^} (up to the permutation of two indices of each C). J is a set of the 
labels of the remaining indices. /„ is a subset of I, where the indices are restricted to the 
ones placed at n — 1 C's from the right, that is, (C ■ ■ ■ C)"'^ above. In general, some of 
the indices specified by /„ have already contracted at the n-th step and only m„ indices 
of /„ are uncontracted. Kn specifies the indices of J„ which have already contracted by e 
tensors. Thus J„ \ Kn specifies the m„ uncontracted SU (2) indices at the {n — l)-th step, 
which should be completely symmetrized, kn (and also /„) has a meaning of the rightmost 
one of those indices (of course instead we can choose the leftmost one or another specific 
index because they are symmetrized), h ^'^{4>) is expanded as 

/i-/(0) = 2^22^-/0 - 4^e™" (C^,m) ■ C(^jn)Y^icT/e)^f3^' u~'u-^ + OiC'). (101) 



If we use the formula fFJT| . eq.(jH2I) tells us that one of the full form of S^^A^^ can be 
formulated as 

6l^A^ = -d,X - /(0)0 d,X. (102) 

Here we have defined 
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^ N=2 



-2V2) 



NlN-1 



y t 



E---E 

0'2 CTJV 



{n|»7n=0} {n|r?n=— 1} 



{n|r;„=+l} 

v/2 3 ^ 3 
where a series {1725 "/^s, • • • , Vn} is the similar one defined by 
replaced with 



(103) 



but the condition 



T^n ^ 1 for n < — 1, 



rriN = 0, 



(104) 



and 



Tr 



(i2]V-li2Jv) 



= Tr 
Cs^Tr 



= £^a/3 (C(jli2) ■ C'(j3j4) ■ ■ ■ C{j2N-lhN)) (105) 

(106) 



C[ij) ■ C(^ki) ■ C[ 

mn) 



Ak dm ni 

e e e . 



(107) 



Note that, the second term of eq. (|102j) may be naively written with a factor 

{C{j2Nj2N-l) ■ C{j2N-2hN-3) " " " C'02 jl) ) (c^M^''^)^/?^^!^-^ ("2^20)^, 

in accordance with the general form of {^^f^'^\N)) i^ij) given in (jHBj) . but this factor can 
be simplified as written in p02p and p03p though it is possible only in the sum, as 
explained below. Let us write a specific term in the sum corresponding to a given series 
{772, • • ■.riN-i.riN] as 



N 



(108) 



where C^^-^ is defined below eq. ljHBj) . and c is a constant. We can easily see that another se- 
ries given by {— ?7iv-i, —f]N-2, ■ ■ ■ , —V2, Vn} will produce a sign reversed, the spinor indices 
of C exchanged contribution: 



cxC^^^{a,a''eUdA (-2v^0)^. 



(109) 



For example, for = 5, there is a contribution corresponding to a series {0, +1, —1, —1} 
which can be written as 



(110) 
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where 

r"^ — phojephiipjsHphhphh (n,. . , . n, . . , . n, . . . . n, . . , . n, . . (^^^\ 
'-(5)—^ e e e e \y{no3'i) '-'(jsn) "-"Osjs) '-'(rin)) ■ \^^^) 

Note that here we have suppressed the possible permutations of the indices j2, j^, js 
and je by representing them with the one contribution (whose each contraction is taken 
with the rightmost possible SU{2) index of the factor (C • ■ -C)"^). On the other hand, 
{+1,-1,0,-1} gives 

+ (-^) ^C'g;(a,a^5)„,9.A(-2V20)^ (112) 

where 

(5) — ^ e e e e [yOiojg) '-^Osjt) '-^(jejs) "-^04^3) '-^02ji)J 

_ phhphh Jdsjhi'ijeho (n,. . . . n,. . , . n,. . , . n,. . , . n,. . 
— t e e e e l^'-^0ij2) '-^03j4) '-^(jsje) '-^(jtjs) '-^Owio) ) 

= -Cfs)- (113) 

Here we have renamed the dummy indices in the second line and used a property of the 
quantity (jHTj) . 

\ ctl3 t 1 \N—l ( (~i (~i \ /3« 

^(hh) ' ^(j3J4) ■ ■ ■ ^{hN-\hN) J \ ^) y^U2Nj2N-l) ' ^ U2N ~3j2N -4,) ' ' ' ^ij2jl) J 

(114) 

in the third line. Therefore, taken into account the summation over the series, {cr^a'^e)^^ 
above can be reduced to —rj^^Saf}'- 

c X Tr[C(^)](-2V2 0)'^9^A. (115) 

By a direct calculation with the use of eq.(jH2I), together with ((5^^A^)(o) and (5^^A^)(i) 
given in eq. (f72|) and (fTSj) respectively, we find that ^^c^m given by 



and we can check that this is actually coincide with the result given by the formula (jl(J2j) . 
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4.2 The deformed gauge transformations of the other fields 

Next we consider the (^"*") ^-component of 5*y^^V^% to determine and A*^^^). The 

equation to solve is read from (jU7|) and 

-a++A(-2), (117) 

where 5*x^<p is identified with the lowest order term in the harmonic expansion of the left 
hand side (i.e. the U{1) charge 0, irreps of isospin part). Expanding 5t and A*-"^-* as 



oo 



Ka^ = lli^lJ)iN), (118) 
where (5ac*^){^) 0(C^)-quantity, eq. (jll7|l gives the following equations to determine 

1 

3^ 



= ^C,d,\A^, (119) 



iSl,<P)iN) = ^eV'C[:J)(A(-^)(^_i))(.,)(a,a'^e).,A^ (iV>2), (120) 

where we have used the reduction formula (f77|). Comparing this equation to eq.(|H^. we 
find that Sl^(f) can be obtained by replacing one of in S^^A^^ with —A^: indeed, we have 

SIJ = ■^C.d.X A^ + '^C^d^X Ay + '^Csd.X Ay^ + 0{C'). (121) 
Thus the full form of ^^^^0 can be formulated as the one quite similar to eq. ()102|) : 

Sla^ = fi^)d,X A\ (122) 

where /(0) is defined in eq. (ll(J3p . 

Eq.((TT7j) also gives the equations to determine A*^"^-*: 

9++A(-2)(^) = -2i&+-^^\a,a''eUdAA^, (123) 
5++A(-^)(^) = C++^^{a,a''eUX\^^\M-i)A^ + V2i{5lJ\M) {N >2). (124) 

The first equation is easily solved to give A^~^)(i), and the second equation can be used to 
determine X'^~'^\n) from A^~^''(Ar_i) and (5ac*^) W given above. Comparing these equations 
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to egs- lfrlj) and (f73j). it is found that can be obtained by replacing one of in 
with -A^l^. Of course, with the harmonic expansion of A^ we can construct the 
recursion relation in terms of the coefficient functions in the harmonic expansion, which 
is similar to eq. ()78|) . The expansion is 

oo 

A(-) ^ EA^-^\^), (125) 

N=\ 

oo 

n=0 

where A'-~^-'(Ar) is an C(C^)-quantity. Note again that the C-independent part of A*- is 
absent, because of its absence in the C — > limit. Then A^"^^ is determined as 

+ 0(^3). (127) 
For ths equation to solve is read from (|H7jl and (jH^ : 

- 9++Ai-3) - 2v^(£C++A(-=^))„0 

= 451^^-, (128) 

where 5ac^~ identified with the lowest order term in the harmonic expansion of the 
left hand side (i.e. the f/(l) charge —1, irreps of isospin 1/2 part). Expand 5ac^~ ^'^'-^ 
A^^') as 

oo 

^\cr = E(^IcV'")w, (129) 

Ar=0 

oo 

AL-^) - EaL-^\a.), (130) 



oo 



Ai-'\^) = E(A^'\^))(n.....fci...fc„+3)«+"---«+^"«"'^--«-'""^- (131) 

n=0 
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where {Sl^ip ){n) and '^\n) are C(C^)-quantities. Then eq. ()128p gives the following 
equations: 

iSla^a)ii) = -^C',9,AKV^-)„-^C'g)Ka''e),59.AK^^)„«-\ (132) 
'9++Ai-3)(i) = -4C(^J)(a^a'^£)^^9,A ia'^i>k)aU^^'u-^u-'\ (133) 
5++Ai-3)(^) = -2tC++^\a^cx''e),sXi-'\N-i)icx''^-)a 

-2v^(£C++A(-=')(^_i)),0-4(5*^^-)(^) (iV>2). (134) 

The second and the third equation will lead to A^~'^^ as 



+ ^^Tr 
3 



X - ^e™'=M+("M-^M-^)^ + 0(C3). (135) 

Noting again the reduction formula (f77j) . we find from the third equation that (^Ac^~)(^) 
is given by 

{5l,r.\N) = -^6^-'^Cg)(A(-2)(A._i))(„„)(a,a^e),,(o-^^,)„(6'=(-n-) -e^™«-^) 
+ ^eV«C7('^4(A^'\^-i))(™np,)(^x,.a'^£),5(^T^^fc).e'^"w-"^ 

- ^e^'e^''" (eq,,) • (A(-3\^_i))(fc,„))^0 (iV > 2) (136) 

Although we do not write down general formula for S^^ip' in the present work, the lower 
order terms are given by 

Sl^^- = -\Cs{a^^-)ad^X-'^{eC^,,)a^tlj')^d^Xu-' 



5^2 

+ {eC(ij) eC(ki) eC(rnn)cr^i!p)a4>'^ d^X 



+ 15 



32 1 

+ 0(C4). (137) 

26 



For Si D^^ , from and (jUHj) . the equation to solve is given by 



(138) 



where S^^D is identified with the lowest order term in the harmonic expansion of the 
left hand side (i.e. the U{1) charge —2, irreps of isospin 1 part). Expanding S^^D as 



:i39i 



N=0 



where {S^ D )(jv) is an C(C^)-quantity. then eq. ()117p gives the following equations to 



determine S\^D~ 



(140) 



u-'u-^ (N > 2). 

(141) 



Here we have used another reduction formula similar to eq. ()77|) : 



m—l 



m+1 



m+2 



^{j2m + 2i2m + l)V^A' {N) ) {j2mj2m~l ■ ■ -jl) 



m—l 



m+1 



1 



_^j2m + 231 y + {i2m + ly+j2m y+ jm + S y^- jm + 2 U~^^^ 



m + 1 
(m — l)(m + 1' 



m-2 



2m(2m + 1 
Note that for m = 1 the last term vanishes. 



(142) 
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With the use of eq. (f7S|) . the last term in eq. ()141|) can be rewritten with (A^ '^\N)){ij) 
and (A^^^)(jv_i))(jj), thus the equation becomes 



^ kl 



^e-C^/l){a^a^e)^^d, ((A^^^c^.i))^.)^) u'^u-^ . (143) 

Recall that A^~^-*(iv) has been already explicitly given in eq. (PT|) . Thus, substituting the 
previous result, a full form of S'^^D is given by 

-Pi 

6l^D- = 2v^C-'^^9,,A9,0+^zC,/i-/(0)9^(9,A0) 

+ ^e^'Cg)(a'^a^e)„,/ioo/(0)9,(9,A 0) n-^"^' 
= 2V2C-^''d^Xd,^ - ^C,C-^'>9^(9,A 0) 

+ 0{C^). (144) 
Expanding A^~^^ as 

oo 

^(_4) ^ ;^A(-^)(^), (145) 

N=l 
oo 



n=0 



where A^ ^\n) is an 0(C^)-quantity, eq. p38p also gives the equations to determine 

(147) 

In principle, we can calculate A*^"'*-' order by order in C with the use of the previous results. 
The lower terms are given by 

^(-4) _ 1 . ^—1 Q^^^2 g,.^^ ^ ^^^g^ 

o 
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We will not, however, write down the full form here. What is important is that it is 
possible to completely gauge away the left hand side of eq. (|138p with \^~^\ after the 
subtraction of ^a^-^ given above. 

To summarize, the gauge transformations at the order 0{C^) are given by 



= -^C,ia^^/j')^d,X--ieC^,,)ay^)^d,Xu 
5V2 



3 

15 ^ 
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5l^D- = 2V2C~-^''d^Xd,^-'^CsC-^'''^d^{dA^) 

5*^ (others) = 0. (149) 

One can confirm that the terms at the order 0{C^) in the action 6**^2 + S^;^ are invariant 
under these transformations. 

4.3 Field redefinitions and the action 

We can redefine (reparameterize) the component fields in the gauge superfield V^/'z in 
order to make the gauge transformation become a convenient form. There are possibly 
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many choices to achieve this. Here we will absorb all of the C-dependent terms emerging in 
the deformed gauge transformation by the reparameterization procedure so as to make the 
resulted component gauge transformation laws canonical (i.e. the ordinary Abelian gauge 
transformations). Presumably we could reparameterize the coefficients so as not to fully 
extinguish the C-dependent terms from the resulted component gauge transformation 
laws. Then the procedure to absorb terms emerging above into the definition of the 
coefficient functions in the gauge superfield could be a very difficult task, because we 
have to find a parameterization which gives the deformed gauge transformation of the 
gauge superfield under the resulted partially deformed gauge transformation laws. 

In order to make the component gauge transformation canonical, the following field 
redefinitions are sufficient : 



= A^ + ^CA^4> + \C2A^^'' + 0{C^), (150) 
<^ </)-^/(0)(i + /(0)0)a^A'^ 

= - ^^^^M^" - ^Ip^s + \C^A,A^'^ + 0{C^), (151) 
V'a ^l-\c,{a^^-)^A^-\{eC(i,^a^^^)^A^u-' 



2 

5\/2 



3 

+ 0(^3), (152) 

-Pi 

D Z}--2V2C--'^M^9,0-^^C,/i-/(0)9^(A,0) 

- ^6'=^C(t)(a'^re)„^/.(,o/(0)9,(A,0) u^u-^ 

= D- - 2^/20--^" A^d,^ + '^CsC-^'-^d^iA,^) 

- Se'^' (C(,,) ■ C(,,))-^(a^'^£),^0 d^iAj) u-'u-^ + 0(C3), (153) 

where /(0) and h ^^{(p) are defined by eq. (jlU3|) and respectively. There is no need 
to redefine the rest of the fields. We will denote the reparameterized gauge superfield as 
V(j^ . After this reparameterization, it becomes to hold that 

5lV$^ = 5lV$^. (154) 
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where Ac is given by replacing in Ac with ^1 + f{(f))(j)j and 6\ denotes the ordinary 
component gauge transformations with gauge parameter X{xa)'- 



5lA^ = -d^X, 5° (others) = 0. 



(155) 



From eq. ()154jl . we are allowed to consider that the gauge transformations of the component 
fields satisfy 



51 A^ = 5lA^ = -d^X, 51 (otheis) = 5°(others) = 0. 



(156) 



This means that the component gauge transformations can be thought of as the ordinary 



one. 



After the field redefinition, the action in the WZ gauge will become to have manifestly 
gauge invariant form (in the sense of the ordinary component Abelian gauge transforma- 
tions), S^c- Let us denote the contribution to this action from the n-th order in Vq^ as 
S*c,n- It is seen that 5**^2 given in (j3Hj) changes to 



S, 



*C,2 



- %i\^'a^d^^, + '-C.e'^f' A^{a^^'')^{a''dM)f, - ^zC('^^)A^(a^^%(a^9,V'')^ 
+ (\^^^ - ^CAy^A^d^ 



Thus we find 



|(l + v^C,0)F^,(F'^^ + Fn 



— I 



(i - ^c,0)^v^9^^, + -^c,a^0(v>v^^,) 



+ 



(157) 
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All the terms emerging here are manifestly gauge invariant as expected from the field 
redefinition procedure. We note that the kinetic terms of the fields show similar depen- 
dence as in [in] . We expect that the full action can be written in terms of a function of 
0, which is left for future study. 

5 Conclusions and Discussion 

In this paper, we have studied M = 2 supersymmetric U{1) gauge theory on the non- 
commutative harmonic superspace. We investigated the deformed gauge transformation 
which preserves the WZ gauge in detail. We also calculated the deformed Lagrangian 
explicitly up to the third order in component fields. The general gauge transformation 
includes the arbitrary power of anti-holomorphic scalar fields, which does not appear in 
noncommutative Af = 1 superspace. Generalization to A/" = 2 U{N) gauge theory is 
straightforward. Since the deformation is rather different from the M = 1 theory, it 
would be an interesting problem to study the perturbative and nonperturbative structure 
of deformed M = 2 theory. 

In this paper we have studied the gauge symmetry but not supersymmetry. In order 
to study supersymmetry of the theory, one must act the supercharges on the gauge 
superfield Vjyz- This transformation does not preserve the WZ gauge. Therefore we 
need to make further gauge transformation to recover the WZ gauge. Because this gauge 
transformation is very complicated, we left this problem in a subsequent paper. 

Another interesting problem is to study the deformed M = 2 theory from the D-brane 
viewpoint. In order to study this problem , it would be natural to investigate the hybrid 
formalism compactified on the K?) surface or four-dimensional torus. The theory on the 
Z^-brane provides the M = 2 supersymmetric Yang-Mills theory in four dimensions. Since 
the six-dimensional hybrid superstring includes the harmonic superspace structure ^S], it 
is also interesting to clarify the relation between both harmonic superspace structures. 
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Appendix A: Star Product for Analytic Superfields 

The *-product A* B ior analytic superfields A and B is given by 

A*B = AB-{-ir\\Q^^ACtfQ=pB-\{Q^^Q^^A^^^^^^^ 

+^^m.Q'l(^XA)cti'cif^^^^ (A.i) 

Here for an analytic superfield $ of the form 

$ = 4>{xA,u) + e+i^{xA,u) + e+x{xA,u) + {e-^fM{xA,u) + {e+fN{xA,u) 

+e+a"'e+A^{xA,u) + {e+fe+x{xA,u) + {e+fe+R{xA,u) + {e+)\e+fD{xA,u), 

(A.2) 

etc. are given by 
g^^$ = -u^'^^-2u+'e+M + e+''{-u+'a^^A, + 2iu-'a^,^d,<f>} 

-x.-i(e+)2(^"+)V^aX, (A.3) 

-^+" {2«+^i«+^^5«,«,/€^ - 2m-^i«+^^9,^„,<^^ - 2iu^'-u-'-al^^d^,^^,) 
+ (^+)2{2^7+^^«+'^£,,,,D + z«-*^«+'^(a'^^''),j£,,^a^^, 
Mu-^'^u-'^e^,^{a^a''\;^d^A, + 2ii-^iti-^^£,,^((7'^a'^),J9^9,0} 

+(ra'^^+){2m-^i^/+^^£„,„(a'^a^),,-9,M - 2m+^i^-^^£,,,(a'^Oai^ 

+ (^+)2^+'^{2^M-'iM+*^£„,^(a^9^/€),, - 2%u^'^u-'^e^,ii{a^d^K)^^ + 2«-*i«-^^£,,,,a^9^ 

+ (^+)2(^+)2{-2K-i«-^£,,,,a''a^M}, (A.4) 
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+Au+''u-''u-''e^o.,ea,asd^'d^M}, (A.5) 

4:11 U U £a4ai£a2Q3 

All U U £a3a2^aia4, ~l~ ^li U U £0301^020:4 

-Au-^''u-^'^u-'^u-''e^,^,e^,^,}d''d^M. (A.6) 

Appendix B: Calculation of Third Order Lagrangian 

In this appendix we calculate the action which is third order of 

5,3 --Jdxd edu,du,du, ■ (B.l) 

We use the chiral basis to compute this action. In the chiral basis, the gauge superfield 
V'^'z is expressed as 

ywti^L. u) = -2te^a^'e+A^ - 2{e+fe+a^a''e-d^A^ + i^{e+f(j) 

- iV2{e+)^ - 2V2{e+fe-a^e+d^4> - V2i{e+)\e-)\e+fd^ 

+ 3{e+)\e+fD—. (B.2) 

We investigate what kind of contributions from (T^vkz)* exist in the Lagrangian. As seen 
from the arguments in sect. 3, we need to compute the contributions from P and P^ in 
the *-product. 

Firstly we study the contributions from single P. The *-product formulas for first 
order of P is summarized as follows: 

P e+f^ = +^C'++"^, (B.3) 
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^^+"P(^+)2 = (B.5) 

{9tfP9t" = (B.6) 

^1 ^113^^2 ^2 6 — ~2^^ f'l /3f'2 <5 + 2^12 /3^2 

1 / 1 ; / 

/j+a/j- p /'/3+^2 /^++aa'/i- /i+ , — ha'P' Q+ocq+ fr> o\ 

^1 P ^ \^2 ) — ~^12 /3C'2 a' + ^12 ^/Sa't'l t/2/3'> l^-°J 

(etrp{etr = -2c++"'^'^+„,^2V, (B.9) 

(^+)2^r" P {OtW = +2C++"''''^i+a'^r"^2+/3'^2-^ + C'i+2-"'^^i+a'^r"(^2+)' 

+ c^.+'^'^'ietfeta'e^^ + ^crr"^(^j^)'(^2^)'. (b.ii) 

The following identities are also useful: 

{OtfiOtf = {ututfe\ (B.12) 

(^+)^^±"^3+^ = (B.13) 

(e"+)2^"±"^"3+^ = -^£"%^«4)(«3+0. (B.14) 
We also use some the harmonic integral formulas, summarized as 

duufuj = ^€ij, (B.15) 

J duufu^u^ul' = ^(ejfeeji + ejzejfc), (B.16) 

dui^^ = -w^, (B.17) 

J ^ {utut){utut) utut 
Prom the single P, we have thirteen types contributions to the Lagrangian, listed as below: 

I - i [ dUidU2dU3 

X aV2i {e+a^et p eta^et) {9tf{e^f{etfA,A, d% (b.i9) 

duidu2du3 



-I 
6 J 



d^9 



X 32 {e+a^a'^e^ p {etfeta} {etm^d^A^.'^^.p (B.20) 
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i f j8q duidu2du^ 

X (-48) {{etrete. p {etm^} {0tmnri^2^D^3-, (B.21) 

i I duidu2du3 

6 J {utu2){utut) (utut) 

X {-4V2i) {{9tf9t(T^'a''9{ P eta'a^e^mf) {e+fd^A^^d^Ap^, (B.22) 

_ i f^g^ duidu2du3 

6 J ' {utu^){i4uj){utut) 

X (-9V2Z) {{etmr P {etf} {OtmrDn^D^s-, (B.23) 

i r duidu2d,u^ 

6 7 {utut){u^ut){utut) 

X (-32) l^+a'^^^ P {etfeto] (^3+)^(^l)^(^3 ^'') AV'2-"5.V'3-^(B.24) 

i /^g^ duidu2du3 

6 J {utut){utut){utut) 

X i6x/2 {(^+)X+" p {etr} {etne^a'^uetyi'ia^d.i^^'', (B.25) 

i f ^g^ duidu2du3 

X (-32) {x/2z(^+)2^+" P (^2+)'^2+d} {et)%a''etilJ^a^2''d^^,mQ) 
i r ^g^ duidu2du^ 

X (-8^2^) {(^+)2^+a^a''^r P e+a^Ot} {et)%a''etd,A^ApdJ, (B.27) 

- ^ f d^9 duidu2dus 

X 12V2t {{9t)\9ty P e^a'^et} {9t)%a-'9iD^,-A,d,^, (B.28) 

i r duidu2du3 

6 y (m]^m^) (m^mJ[) (m^m]^) 

X 6V2i {{9ty9ta^a''9i P {9^f} {9t)'{9tyd,A,^D^,- , (B.29) 
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n2 



i f g duidu2du3 
— d u- 



i f g duidu2du3 
— d o- 



X {-2V2z) {{etfie^fiety p (et)'} mrd'4>^<l^. (b.3i) 

These terms are computed by applying the formulas ()B.3|) - ()B.18|) . The results are as 
follows: 



2? - - 

L5 = -—CsDijD'^(f), 

/2 

Lg = -^C,Tr(or'^V'"^)9^A,A.9,0, 
Lu = ^C^:;)d,A,^D^\ 

L4 = Lu = Lis = 0. (B.32) 

The contributions to the Lagrangian coming from P^ are two types: 

i f g duidu2du3 
d 0- 



(B.33) 
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i f g duidu2du. 



X 



2V2t(^{9rn9^ri9tr ^p=^ i9tfi9,Yi9rr]{9trd'^d'H- (bm) 



Using the formulas 



utut 2 V ^ ^ ^ 3 ^ ' 



/^Mtx /^-^^^'^^^^'^^ = +-^6™('4M,") + ^6"(M(/)5,)-. (B.35) 



LtkU^"'uput^U^'^ 1 _^ 2 

we find L14 = L15 = 0. Including the combinatorial factor, the third order Lagrangian £3 
becomes 



6 15 

£3 = 3x^Li + 6x5]Li 

i=l i=7 

Pi - - 

- /2 - 

- + Cg^S^ A,0Z}*^' - ^CsD,,D'^^. (B.36) 

This is shown to be equal to with the use of the formula Tr {a^'^a^'^) = —^{rj'^^ri'^'^ — 
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